Abstract. In the present article, the operator approach to modeling numeral systems is introduced. Certain examples of such numeral systems are considered. In addition, the pseudo-binary representation is investigated.
Introduction
Let s > 1 be a fixed positive integer. It is well known that any number x ∈ [0, 1] can be represented by the following form 
Let N B be a fixed subset of positive integers, B = (b n ) be a fixed increasing sequence of all elements of N B , and
Let us consider the quasi-nega-s-adic representation described in [15] :
Here α n ∈ A s and x ∈ [a Note that the term "nega" is used in the present article since corresponding encodings of real numbers are numeral systems with a negative base. is its domain of definition and range of values. That is, each combination (α 1 , α 2 , . . . , α k ) of k s-adic digits is assigned to the single combination θ k,i (α 1 , α 2 , . . . , α k ) of k s-adic digits, i.e.,
for m = 0, 1, . . . , some fixed numbers k ∈ N and i ∈ {0, 1, . . . , (s k )! − 1}, where N is the set of all positive integers. Note that i = 0, (s k )! − 1 since the number of all operators (converters) θ k,i for a fixed number k is equal to the number of all permutations of elements from the set of all samples ordered with reiterations of k numbers from A s .
Let us consider certain examples of θ k,i .
Example 1.
Suppose that s = k = 2. Let us consider the operator θ 2,i defined by the following table α 2m+1 α 2(m+1) 00 01 10 11 β 2m+1 β 2(m+1) 10 11 00 01
Here m = 0, 1, . . . , β 2m+1 β 2(m+1) = θ 2,i (α 2m+1 , α 2(m+1) ), and i ∈ {0, 1, . . . , 23}. For example, a number having a binary representation of the form 
Here i = 0, (s kn )! − 1. Clearly, in this matrix a number of rows is equal to infinity and numbers of elements in different rows can be different (finite numbers or infinity).
From matrix (4) we generate a sequence θ kn,i kn of operators. So, we obtain a representation ∆ (s,(θk n,i kn ))
related with the s-adic representation by the following rule:
whose relation with the s-adic representation is described by equality (5) , is called the pseudo-s-adic representation of numbers from [0, 1].
Remark 2. The approach described in the present article for modeling numeral systems can be used for the case of the s-adic numeral system with a fractional base s > 1 (such representation of real numbers was introduced in [7] ) or for the case of the nega-s-adic numeral system with a fractional base (−s) < −1 (this representation of real numbers is introduced in [5] ). Also, the approach can be applicated to numeral systems with a negative (integer or fractional) base and/or with a variable alphabet (we have a variable alphabet for a certain representation ∆ γ 1 γ 2 ...γn... , where γ n ∈ A n , when there exists a finite or infinite number of pairs l = m such that |A l | = |A m |). It is easy to see that a basis of a numeral system with a variable alphabet is a sequence or a matrix.
In the next articles of the author of the present article, the approach will be used and investigated for the cases of all these representations of real numbers.
Note that examples of representations with a variable alphabet are representations of real numbers by positive ( [3] ) or alternating ( [13] ) Cantor series, the nega-Q-( [12] ) orQ
Example 3. Suppose we have the representation of real numbers from [0, 1] by positive Cantor series, i.e.,
where Q = (q n ) is a fixed sequence of positive integers, q n > 1 for all n ∈ N, and ε n ∈ {0, 1, . . . , q n − 1}. In this case, matrix (4) is following: 
Also, here θ kn,0 is the identical operator and
This article is an initial article in the series of papers of the author of the present article devoted to the investigation of the operator approach for modeling, studying, and applying different new numeral systems (positive and alternating expansions of real numbers with a finite, infinite, or variable alphabet, etc.).
One example of the pseudo-ternary representation
Suppose s = 3 and k n = const = 1. Then there exist 6 = 3! operators θ 1,i (see the following table).
Let us consider the case of θ 1,1 . To simplify mathematical notations, let us denote θ 1,1 (α n ) as θ(α n ). Let us investigate the pseudo-ternary representation (or the 3 ′ -representation) generated by the operator θ(α n ), i.e.,
Note that ∆
since θ (θ(α n )) = θ (β n ) = α n holds for any n ∈ N. Also, one can represent the operator θ by the Lagrange polynomial, i.e.,
However, in terms of the Lagrange polynomial
So we shall not use the Lagrange polynomial for representing such operators.
Notice that in the case of the s-adic representation there exists countable set of numbers having two different s-adic representations. These numbers are numbers of the form Let us remark that in the case of the 3 ′ -representation we obtain Proof. Let us consider the function y = f (x), where
The last-mentioned function and a class of functions containing this function were investigated (see [14, 11] ). This function is continuous at ternary-irrational points, and ternary-rational points are points of discontinuity of the function. Also, the function is non-differentiable and nowhere monotone. Note also that our statement follows from properties of the function and the well-posedness of the definition of this function.
Remark 3 (On certain outgoing problems). Certain outcoming problems follow from the last lemma. Let us consider these problems introducing in the present article.
In [7] , the f -expansion of real numbers was considered:
.. , where f is a fixed function having certain properties. Notice that it is proved that such function is increasing. A number of researches devoted to different cases of the f -expansion (for example, see [7, 10, 9] , etc.).
, where β > 1, then
The last-mentioned expansion of real numbers is called the β-expansion. This expansion is investigated by a number of researchers (for example, see [7, 4, 1] ).
If
, where (−β) < −1, then
The last-mentioned expansion of real numbers is called the (−β)-expansion, was introduced in [5] , and is investigated by a number of researchers (for example, see [2, 6] ). Problem 1. Let us note that we can obtain our case of the pseudo-ternary representation by the following way. Suppose that f (α n ) = θ(αn) s , where 1 < s ∈ N and θ = θ 1,1 . Then the obtained f -expansion is following:
Hypothesis. On can model the f -expansion such that all points except points from no more countable set have the unique representation when f is is determined at any point and continuous almostwhere (having jump discontinuities) on the domain. Also, f can be non-monotone or nondifferentiable.
In addition, a general technique representing the preudo-s-adic representation by the f -expansion is unknown.
Let us note that we can write the pseudo-ternary representation in our case by the following way:
..αn... , f is defined by equality (7), and
Problem 2.
Let (f n ) be a fixed sequence of certain functions. One can define the (f n )-expansion of real numbers by the following way:
This representation is unknown. However, one can describe several examples of known representations, which can be represented by the (f n )-representation.
, where (q n ) is a fixed sequence of positive integers and q n > 1 for any n ∈ N, then we obtain the representation of real numbers by positive Cantor series [3] .
, where (q n ) is a fixed sequence of numbers for which one of the following conditions holds: q n > 1 or q n ≥ 2. Then we obtain the encoding of real numbers by positive Cantor series (with a fractional base). Such positive and alternating expansions of real numbers are unknown. Note that we can define such representations by the condition ε n ∈ {0, 1,
is the integer part of a. The cases of these conditions are interesting for future investigations.
Note that it is easy to see that one can model the known the Q s -, Q * s -,Q-and other representations by analogy with this case.
Example 5 (Quasy-nega-representations). Let us have
(here β > 1) and a fixed sequence (f n ) of functions
(here (q n ) is a fixed sequence of positive integers such that q n > 1), where
N B is a fixed subset of positive integers, B = (b n ) is a fixed increasing sequence of all elements of N B , and ρ = 0. Then we get the following two quasy-nega-expansions with a fractional (in a general case) base:
Note that we can model the quasy-nega-Q-expansion by analogy.
Hypothesis 1.
Properties of f and of (f n ) that are sufficient for modeling the f -and (f n )-representations coincide.
These problems and new representations of real numbers will be considered and investigated in the next papers of the author of the present article.
Definition 2. A set of the form
where c 1 , c 2 , . . . , c n is an ordered tuple of integers such that c j ∈ {0, 1, 2} for j = 1, n, is called a cylinder ∆ 
Proof. Let us consider the map
.. is a closed interval and f (see [11, 14] ) is continuous at ternary irrational points, and ternary rational points are points of discontinuity of this function.
Let us prove that conditions
It is easy to see that (2) . From relationship (8) and the following equalities
Let us prove that a cylinder ∆
we obtain x, x ′ , x ′′ ∈ ∆ 
In the next section, this statement for a general case of the pseudo-binary representation will be proved in detail. 
Also, there exists ε-covering of this segment by cylinders ∆
Here λ(·) is the Lebesgue measure of a set and ε is an arbitrary small positive number. That is,
However,
We have
Since the from Lemma 2 if follows that the condition
holds for any n ∈ N, we get
For example, let us consider the image of the segment 
The pseudo-binary representations
Note that the case when s = 2 for the pseudo-s-adic representation is interesting for consideration since this representation (the pseudo-binary representation) can be used in computer science by analogy with the classical binary representation. It can be useful for coding information, protection of information, providing computer protection, etc. Certain theoretic aspects of such applications will be discussed in the further papers of the author of the present article.
Let us remark that in our case there exist only two one-digit converters (operators), i.e.,
In other words, θ 0 (α n ) = α n and θ 1 (α n ) = 1 − α n .
Let (k n ) be a fixed sequence of positive integers. Then we obtain the matrix 
Here for a fixed number k n there exist (2 kn )! k n -digit converters (operators) and i = 0, (s kn )! − 1. In this matrix, a number of rows is equal to infinity and a number of elements in the nth row equals (2 kn )!. Let us choose elements θ kn,in and generate a sequence (θ kn,in ). Let us investigate the representation of real numbers from [0, 1] that is related with the binary representation by the following rule:
where 
Note that the condition
holds for 1 ≤ t ≤ 2 kn . It depends on the definition of θ kn,in . Here k n , i n are fixed numbers. Proof. Suppose that (θ kn,in ) is a fixed sequence of operators (converters) from matrix (9). Here
where k n−1 = 0 for n = 1. A value of any operator θ kn,in , n = 1, 2, . . . , is defined by the table Let us consider map (11) . A number x ∈ [0, 1] of the form
is called binary rational. The other numbers have the unique binary representation and are called binary irrational. Also, numbers of the form ∆ (2,(θk n,in ))
are called pseudo-binary rational. The other numbers are called pseudo-binary irrational. If a number x 0 is binary rational, then for x 0 = x 1 = ∆ 2 α 1 ...αm(0) there exists a number t such that
)... = y 1 . Clearly, the last-mentioned number can be a pseudo-binary irrational number and is a pseudo-binary rational number whenever there exists n 0 such that for all l ≥ n 0 the following condition holds:
By analogy, we get
)... = y 2 , where ω = k 1 + · · · + k t−1 . Whence y 2 is a pseudo-binary rational number whenever there exists n 0 such that for all l ≥ n 0 one of conditions (12), (13) is true.
Note that y 1 = y 2 whenever for all
Here j = 1, 2, . . . , and n 0 is a some fixed number.
..βn... can be pseudo-binary rational (whenever its representation contains a period (0) or (1)) or pseudo-binary irrational. It depends on a sequence (θ kn,in ).
In the general case, let us choose any
The set of all pseudo-binary rational numbers is a countable set;
•
Since inf
and the sets of all binary rational and pseudo-binary rational numbers are countable sets, we obtain that the set of all numbers having the unique pseudo-binary representation is a set of full Lebesgue measure and the map f 2 ′ determines a numeral system. Corollary 1. Any map f 2 ′ is a bijective mapping on the set
, where S Q is the set of all binary rational points and
′ (y) is an one-or two-element set for any y ∈ [0, 1].
Lemma 4. A map f 2
′ is continuous at binary irrational points. According to a sequence (θ kn,in ), a certain binary rational point is a point of discontinuity of f 2 
From this system, it follows that the conditions n 0 → ∞ and x → x 0 are equivalent. In addition, for
Here m 0 is a number such that δ j (x) = β j (x 0 ) for all j = 1, m 0 − 1.
So f 2 ′ is continuous at binary irrational points. In the case when x 0 is binary rational, i.e.,
, it is clear that lim
and lim 
Since for any ∆ 
Also, note that for any 
This condition follows from the definition of f 2 ′ , the last-mentioned properties of this map, and properties of cylinders. 
λ ∆ (2,(θk n,in ))
..c k 1 +k 2 +...+kn situated by the rule: 
The 5th property follows from the definition of f 2 ′ .
Remark 5. As for the last-mentioned property property, let us remark that properties of the pseudo-s-adic numeral system can be describe in terms of the s-adic numeral system or in terms of such modified numeral systems. Formulations of certain properties depend on such consideration. In particular, these properties are representations of numbers having two different representations and situating cylinders of rank n. We can see these properties by the definition of the relationship between the s-adic and pseudo-s-adic representation. Now we give example for the case of the nega-binary representation. Also, note that in this article properties of the modified s-adic representations are more investigated in terms of the s-adic (the binary or ternary) representations. ) is a closed interval or a union of closed intervals with a finite set of isolated points, or a union of closed intervals.
• A map f 2 ′ preserves the Lebesgue measure of intervals.
• where x = ∆ (2,(θk n,in )) β 1 β 2 ...βn... . It follows from the equality F η = P {η < x}. Note that one can consider the case when P {ξ n = i n } = p in,n , where for any n ∈ N p 0,n +p 1,n = 1. Then 
